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A proof is given that the maximal Fermi coordinate chart for any comoving 
observer in a broad class of Robertson- Walker spacetimes consists of all events 
within the cosmological event horizon, if there is one, or is otherwise global. 
Exact formulas for the metric coefficients in Fermi coordinates are derived. 
Sharp universal upper bounds for the proper radii of leaves of the foliation by 
Fermi spaceslices are found, i.e., for the proper radii of the spatial universe at 
fixed times of the comoving observer. It is proved that the radius at proper 
time r diverges to infinity for non inflationary cosmologies as r -> oo, but 
not necessarily for cosmologies with periods of inflation. It is shown that 
any spacelike geodesic orthogonal to the worldline of a comoving observer 
has finite proper length and terminates within the cosmological event horizon 
(if there is one) at the big bang. Geometric properties of inflationary versus 
non inflationary cosmologies are compared, and opposite inequalities for 
the inflationary and non inflationary cases, analogous to Hubble's law, are 
obtained for the Fermi relative velocities of comoving test particles. It is 
proved that the Fermi relative velocities of radially moving test particles 
are necessarily subluminal for inflationary cosmologies in contrast to non 
inflationary models, where superluminal relative Fermi velocities necessarily 
exist. 
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1 Introduction 



For an observer following a geodesic path in a spacetime, Fermi coordinates con- 
stitute a locally inertial coordinate system along the path. A Fermi coordinate 
frame is nonrotating in the sense of Newtonian mechanics and is realized phys- 
ically as a system of gyroscopes [TJ [5] . Applications are extensive and include 
the study of tidal dynamics, gravitational waves, relativistic statistical mechan- 
ics, and the influence spacetime curvature on quantum mechanical phenomena 
[31 [H El El H [S El HOI HH HU H3]. Fermi coordinate charts, and the notion of 
simultaneity determined by the Fermi time coordinate, are also essential in the 
study of geometrically defined velocities of test particles relative to a distant 
observer O [HJ [HI [T7] . 

Motivated by discussions for the need for a strict definition of "radial velocity" 
at the 2000 General Assembly of the International Astronomical Union (see [El 
19J), V.J. Bolos, introduced, in a series of papers [20l ETJ [22] , four geometrically 
defined (but inequivalent) notions of relative velocity in an arbitrary spacetime 
Ai. Two of these relative velocities, the Fermi and kinematic relative velocites, 
depend on the foliation by Fermi spaceslices {.A/f r } of some neighborhood U of 
an observer's worldline, ft(t) 7 defined by, 

K = ^(0), (1) 

where (p T : U — > M by, 

<Pr(p) = g(exp^ r) p, ft(r)), (2) 

and r denotes proper time along ft. In Eq.([2]), g is the metric and the exponen- 
tial map, exp p (u) denotes the evaluation at affine parameter 1 of the geodesic 
starting at the point p £ A4, with initial derivative v. The Fermi spaceslice 
A4 T consists of all the spacelike geodesies orthogonal to the path of the Fermi 
observer ft(t) at fixed proper time r. 

An open neighborhood U of ft with this foliation therefore identifies the space- 
time locations and paths of possible test particles whose Fermi and kinematic 
relative velocities may in principle be defined. For this reason, the full utility of 
these relative velocities is realized only on maximal neighborhoods of this type, 
i.e., on a maximal neighborhood, ^Fermii for Fermi coordinates for ft. 

Fermi coordinates are associated to the foliation {.M r } in a natural way. Each 
spacetime point on M. T is assigned time coordinate r, and the spatial coordi- 
nates are defined relative to a parallel transported orthonormal reference frame. 
Specifically, a Fermi coordinate system [U [21 [23l [24] along ft is determined by 
an orthonormal frame of vector fields, eo(r), ei(r), e2(r), e^(r) parallel along ft, 
where eo(r) is the four- velocity of the Fermi observer, i.e., the unit tangent vec- 
tor of ft(r). Fermi coordinates 3 relative to this tetrad are defined 
by, 
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X' 



X 



k (exp^A^r))) =A fe , 



(3) 



where Latin indices run over 1,2,3 (and Greek indices run over 0,1,2,3), and 
where it is assumed that the \ J are sufficiently small so that the exponential 
maps in Eq.Q are defined. 

For a Robertson- Walker spacetime, {M, g) with metric tensor g given by the line 
element of Eq. (IT2l (below), and scale factor a(t), let /3(t) be a comoving observer. 
It was proved in [15] that the Fermi chart (x a , i^Formi) for /3(f) in a non infla- 
tionarjo Robertson- Walker space-time, with increasing scale factor, is global, 
i.e., ^Fermi = -M. Exact formulas for the Fermi coordinates (x°, x 1 , x 2 , x 3 ) were 
also given there for sufficiently small neighborhoods of comoving observers in 
general Robertson- Walker cosmologies. 

As a first step in this paper, we eliminate the restriction to non inflationary cos- 
mologies required for the results in [15] . Our results hold for a broad class space- 
times, including realistic inflationary cosmologies consistent with astronomical 
measurements (see the discussion following Definition [lj . The key condition we 
impose on the scale factor a(t) is, 



for all t > 0. This dimensionless condition allows for the possibility that a(t) > 
for some or all values of t, i.e., for periods of inflation, and if, 



for some to > (and hence any t > 0), then the spacetime includes a cosmo- 
logical event horizon [25] for /3; Xhoriz(^) is the x~ coor( i m ate at time t of the 
cosmological event horizon, beyond which the co-moving observer at \ — can 
never receive a light signal. Cosmological event horizons may also be described 
in terms of Penrose diagrams [26] (see, for example, [27]). 

For Robertson- Walker spacetimes that include a big bang and have a cosmo- 
logical event horizon, we prove that the maximal Fermi chart U^ CXTa x consists of 
all spacetime points within (but not including) the cosmological event horizon. 
The event horizon is the topological boundary of U^etxax- For cosmologies with 

2 A Robertson- Walker space-time is non inflationary if a(t) < for all t. 




(5) 
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no event horizon, it is shown, for both inflationary and non inflationary models, 
that the Fermi coordinate chart is global. 



We prove that all spacelike geodesies with initial point on the worldline /3 of a 
comoving observer at proper time r, and orthogonal to /3, terminate at the big 
bang in a finite proper distance pm t , the radius of M. T . In this sense, as noted 
by Page [28] using Rindler's observations [29], the big bang is simulaneous with 
all spacetime events. We show that pm t is an increasing function of r and has 
a universal upper bound, tt/2H(t), where H{t) is the Hubble parameter. We 
prove, 

lim p Mr = oo, (6) 

t — yoo 

for any reg eventually non inflationary cosmology, but give examples of 

physically reasonable inflationary cosmologies (see Remark [7]) for which, 

lim p Mt = swppM T < oo. (7) 

The worldline of a radially moving test particle within the event horizon (if 
there is one) intersects each space slice Ai T at a point 4 , T (p(r)) on a spacelike 
geodesic ^ T {p) in M. r . The Fermi speed for such a particle is, 

IKermiH = ^lP( T )- ( 8 ) 

In Eq.®, p(r) is the proper distance at proper time r from the Fermi observer 
to the test particle's position in -M T Q This Fermi speed may be computed from 
another geometrically defined relative velocity, the kinematic relative velocity 
(see Definition [3]) and the following metric coefficient in Fermi coordinates, 

, , IkFermiH 2 
9tt{T,P) = ji [|2-. 

This relationship establishes an important connection between relative veloci- 
ties and the geometry of the spacetime. 

For a comoving test particle with Fermi time coordinate r and cosomological 
time coordinate to, we prove "Hubble inequalities" for inflationary periods and 
non inflationary periods of a Robertson- Walker cosmology. Specifically, we show 
that if a(t) is a smooth, increasing, unbounded function of i, and a(i) < for 
to < t < r, then 

IKernull = f>> H{ T )p. (9) 



3 See Definition [T] 

4 General definitions and properties of Fermi relative velocity for observers and test particles 
following arbitrary timelike paths are given in |22| . 
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On the other hand, if a(t) > for to < t < t, then, 

\\v Fermi \\ =p<H(r)p, (10) 

where H(t) = a(T)/a(r) is Hubble's parameter. Moreover, for a radially moving 
test particle with Fermi time coordinate r and cosomological time coordinate 
to, 

1 1 ^Fcrmi II < -9tt(t,p) < 1, (11) 

if d(t) > for to < t < r. In contrast, superluminal relative Fermi velocities 
necessarily exist in non inflationary Robertson- Walker cosmologies [KJ [THl HZ] ■ 

This paper is organized as follows. In Section 2 we introduce notation. Section 
3 provides basic results on inflation and event horizons. Section 4 introduces the 
key definition and condition for scale factors, and establishes the main results on 
Fermi coordinate charts, along with new formulas for metric coefficients. Sec- 
tion 5 provides results on geometric properties of spacelike geodesies orthogonal 
to a comoving observer's worldline. Section 6 establishes properties of Fermi 
and kinematic relative velocities, including Hubble inequalities, and Section 7 
is devoted to concluding remarks. 



2 Notation 

The Robertson- Walker metric on space-time M = A4k is given by the line 
element, 

ds 2 = -dt 2 + a 2 {t) [d X 2 + S 2 ( X )dil 2 ] , (12) 
where dfl 2 = d6 2 + sin 2 9 dip 2 , a(t) is the scale factor, and, 

!sin x if fc = 1 
X if = (13) 
sinh x if fc = — 1 • 

The coordinate t > is cosmological time and x, ®i <P are dimensionless. The 
values +1,0,-1 of the parameter k distinguish the three possible maximally 
symmetric space slices for constant values of t with positive, zero, and negative 
curvatures respectively. The radial coordinate x takes all positive values for 
k = or — 1, but is bounded above by tt for k = +1. 

We assume henceforth that k — or — 1 so that the range of x 1S unrestricted. 
The techniques needed for the case k = +1 are the same, but require the ad- 
ditional restriction that x < 71 so that spacelike geodesies do not intersect. We 
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note that k = +1 for the Einstein static universe, for which Fermi coordinates 
for geodesic observers are global (except for the antipode, X = 7r ) [30] - 



3 Inflation and Event Horizons 

In this section we provide some elementary observations for the convenience of 
the reader. The following lemma and corollary establish a connection between 
the existence of event horizons and inflationary scale factors. 

Lemma 1. If Xhom(to) — ^]t)dt < oo, for some to > 0, then 

T 1 

lim — — = = lim 



T— >OC 



a(r) t->oo a(r) 



Proof. The second equality follows from the first by L'Hopital's rule. By the 
Lebesgue dominated convergence theorem, 



i r t r 00 1 i 

- / — —dt= lim / -I HnT] (t)- rT dt = 0, (14) 
rj t0 a(t) T^ooJ to r [t °' r]K > a(t) V ; 

where I[t . T ](t) is the indicator function for the interval [to,r]. Now applying 
L'Hopital's rule to the left side of Eq. (fT4| finishes the proof. □ 



lim — 

t— >oo T 



Remark 1. The converse to Lemma[]]is false, as illustrated by the scale factor, 

a(t) = (i+l)log(t + l), 

which satisfies Definition^ below. The Robertson-Walker cosmology with this 
scale factor is inflationary since d(t) = l/(t + 1) > 0, but has no event horizon 
for comoving observers. 

Corollary 1. // the scale factor a(t) is twice continuously differ entiable and 
Xhoriz(^o) = ~^jj)dt < oo, for some to > 0, then the the Robertson-Walker 
cosmology with scale factor a(t) has inflationary periods for arbitrarily large 
cosmological times, that is, for any N > 0, there exists a non empty open 
interval (a, b) with a > N such that d(t) > on (a, b). 

Proof. By Lemma [T] lim^oo d(t) = oo, so the result follows from the Mean 
Value Theorem. □ 



4 Regular scale factors 

We introduce the following definition, which is key to the results of this paper. 
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Definition 1. Define the scale factor a(t) : [0,oo) — > [0,oo) to be regular if: 

(a) a(0) = 0, i.e., the associated cosmological model includes a big bang. 

(b) a(t) is increasing and continuous on [0,oo) and twice continuously differ- 
entiate on (0,oo), with inverse function b(t) on [0, 00). 

(c) For all t > 0, 

Definition [T] is consistent with the standard ACDM model of cosmology. Part (c) 
is equivalent to the requirement that the Hubble parameter, H(t) = a(t)/a(t) is 
a non increasing function of t, and may be expressed in the form q > — 1, where, 

a{tm 

q a(ty y ' 

is referred to as the deceleration parameter. In terms of the dimensionless 
density parameters, VLm ,^h,^a for mass, radiation (and relativisitic matter), 
and cosmological constant, respectively, q may expressed as, 

q=^(n M -2Q A + 2Q R ). (17) 

Since each of the densities takes values between and 1, it follows from Eq. dTTl) 
that q > —1. The present value, qo, has been measured as —0.58 by the Super- 
nova Cosmology Project [31]. 

In what follows the assumption of Definition QJi is not essential, but its inclu- 
sion streamlines the proofs and simplifies statements of results. For the maximal 
Fermi charts in de Sitter and anti de Sitter spacetimes, which do not satisfy Def- 
inition []] see [31130]. 

The following example is considered further in Remark [71 

Example 1. Assume a cosmological constant A > 0, and curvature parameter 
k = 0. Let the equation of state for a perfect fluid be given by, p = (7 — l)p, 
where for this example only, p is pressure, p is energy density, and 1 < 7 < 2 is 
an appropriate constant. Then it follows [21] from the Einstein field equations 
that, 

(3 [X v 2/37 

sinh —y—jt 



a(t) = A 



(18) 



for a constant A. For a universe, with positive cosmological constant, comprised 
of matter alone, 7=1. For radiation but no matter, 7 = 4/3. It is easy to 
verify that the scale factors given by i?o. (|18[) satisfy Definition^ for any 7 > 0. 
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5 Maximal Fermi Coordinate Chart 



In this section we prove that the maximal Fermi coordinate chart for any co- 
moving observer in a Robertson- Walker spacetime with regular scale factor (see 
Dcfinition[T|) consists of all events within the cosmological event horizon, if there 
is one, or is otherwise global. Exact formulas for the metric coefficients in Fermi 
coordinates are also given. 

There is a coordinate singularity in Eq. (fT2)) at x = 0, but this will not affect 
what follows. Consider the submanifold Me ^ = M.0 OjtpOj k determined by 
9 = 9q and ip = ipQ. The restriction of the metric to Ade 0tV0 is given by, 

ds 2 = ~dt 2 +a 2 (t)d X 2 , (19) 

for which there is no longer a coordinate singularity, and there is no loss of 
generality in restricting our attention to those spacetime points with space co- 
ordinate \ > 0. 

Consider the observer with timelike geodesic path, j3(i) = (t, 0) in A4g 0tlpo . Let 
p denote proper length along a spacelike geodesic orthogonal to j3. Then the 
vector field, 

x= d_ = Md_ dxd_ = //a[r)V 9 , , 

dp dp dt dpd X V V o(t) J dt a 2 {t) dx 

is geodesic, spacelike, unit, and X p is orthogonal to the 4-velocity u — (1, 0) at 
the spacetime point p = (r, 0), i.e. X p is tangent to M. T . 

Remark 2. It follows from _Eq. (|20p that dt/dp < so that the cosmological 
time coordinate t decreases with proper distance along the spacelike geodesic 
with initial point /3(r). 

Since we assume that the scale factor a(t) is increasing and a(0) = 0, following 
[15] . we can choose as a (non affine) parameter, 

2 

with a G [1, oo) , (21) 

for a spacelike geodesic orthogonal to /?, with initial point /3(r). 

The following theorem was proved in |15j under slightly more general hypothe- 
ses. 

Theorem 1. Let a(t) be a smooth, increasing function oft with a(0) = and 
with inverse function b(t). Then the spacelike geodesic orthogonal to f3(t) at 
t = t and parametrized by a is given by V'r(o') = (t(T,ff),x( r i cr )) where, 
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t(r,a) = b(^) (22) 



and where the overdot on b denotes differentiation. For fixed t, the arc length 
p along Vv(c) is given by, 

, , air) r ■ ( ' a(r)\ 1 
P = Pt(<t) = -¥- b [^Jr — (24) 



From Eq.(l2"4")) it follows that for a fixed value of r, p is a smooth, increasing 
function of cr with a smooth inverse which we denote by, 

a T (p) = a(p). (25) 
Combining Eq. (|2"5"]) with Theorem Q] gives the following corollary. 

Corollary 2. With the hypotheses of Theorem^ the spacelike geodesic orthog- 
onal to (3(t) at t = t , and parametrized by arc length p, is given by 

Mp) = (t(T,o-(p)), X (T,o-(p))). (26) 

Remark 3. It follows from symmetry, or by calculation, that in the 4~ dimensional 
Robertson- Walker spacetime M. the unique spacelike geodesic, orthogonal to the 
observer, (3(t) = (t, 0,0, 0) at t = r, and with fixed angular coordinates 6o,<f>o, 
is given by, 

Let to > be arbitrary but fixed, and define a function cr(r), defined for r > to, 

by 

^ *>-($)'■ 

By Eq.(|22p. <x(t) is the unique value of the parameter a for which f (t, cr) — to. 

Remark 4. Comparing Eqs. (|25[) and (|27[) , in eac/i case the function gives the 
a-parameter of a spacetime point, which, for fixed angular coordinates, may be 
identified either by its r and p values, or by t and cosmological time to (see 
Remark^). 

The following function will play a key role in what follows. 

Xt0 {r) = xMr)) = \ f T b(^\ t—^ da. (28) 
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As may be seen from Eqs. ([25]). and ([2"B"|). in geometric terms, Xt ( T ) is the value 
of the x-coordinate of the spacetime point with f-coordinatc to on the spacelike 
geodesic orthogonal to f3 with initial point /3(r). With the change of variables, 
a = (a(r) / a(f)) 2 (with r held fixed), Eq.([28f becomes, 



Xt ( T ) 



a(r) 



and similarly Eg. (1241) may be expressed as, 

a(t) 



dt, 



P - 



to V« 2 M-a 2 W 



(29) 



(30) 



Definition 2. Denote the proper radius of the Fermi spaceslice of t -simultaneous 
events, M. T) by pm t , let> 



PM T = 



a(r) 



da 



a(t) dt 



£(r) 

Va~ J (J 3 / 2 V^T Jo ^/a 2 (T)-a 2 (t) 



By Theorem |4] below, pm t < oo for a regular scale factor. 
Lemma 2. If a(t) is regular, and r > to, then, 



o<».W- 



l i 

a(f) " d(r) 



Proo/. From Eq.OH 



(31) 



(32) 



o<xtoW 



to a W 



o "(*) 

a(r) 



o(r) 



to «(*) v/a 2 W-a 2 W ' 7t «(*) 



a(r) 



Va 2 (r)-o2(t) 
a(f) 



dt = 



to 



in 



i-^(i+yr- 

T a(t) a(*)/a(r) 



fl 2(t) 



< 



a ( T ) ito 

1 o(r) 



1 



'a(r) a(r) J to 



o(«)/o(t) 



aHt) 



1 

dt 

-dt 



o. 2 (t) ( 



1 + a/1 



° 2 («) 

« 2 M 



dt, 



-dt 



a2( T ) 



dt 



(33) 



where in the last step, we have used the fact that the Hubble parameter, H(t), 
is a decreasing function of t, so that a(f)/d(f) is increasing. To evaluate this 
last integral, we make the change of variable, x = a(t)/a(r), which yields, 
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rT 1 1 
XtoW- / ~rxdt< - 



dx 



1 



< 



d(r) 
1 



a(r) / a 2 (r) 



(34) 



Corollary 3. For a regular scale factor a(t), and any r > to > 0, 

Xto( T ) < Xhoriz(io)- 

Proof. By Lemma [H 



□ 



(35) 



r i i 

XtoCO < / "777^ + ^7- 



< 



< 



T 1 



d(t) 



a(t) J T a(t) 

—-dt + / — - 

o(i) 7 T a(t) 

Xhoriz 



eft 



(36) 



rff 



where, starting with the second line, the right side may be infinite, and in the 
third line, we used Definition [ljc) . □ 

Corollary 4. For a regular scale factor a(t), and any to > 0, 

lim Xt ( T ) = Xhoriz(io)- (37) 

T— >0O 

Proof. If Xhoriz(fo) = ^jtjdt < oo, the result follows directly from Lemmas [I] 

and [2] If ^yfft = oo, the result follows from the first inequality of Eq. ([52|) . 

□ 

Lemma 3. If a(t) is regular, then for all r > to > 0, 

dXt 



dr 



> 0. 



(38) 
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Proof. Leibniz' rule together with the Dominated Convergence theorem applied 
to Ea.(|28)l (and using Ea.([2?]n show that, 



dXt 
dr 



a(r) 
d(r) 



6(o(*o))o(t) 



1 1 



i r (T V o(r) 



i 



i(*o)V a2 W- a2 (*o) 2 



(7 / O-Vct - 1 
zG?C7 



cr / fry/ a — 1 



(39) 



The change of variable, cr = (a(r)/a(t)) (with r held fixed) for the integral 
gives, 



dxt _ o(r) 
e?r a(r) 



a(r) 



a(t) a(r) <ii 



d(t )Va 2 (r)-a 2 (to) A a(*) 2 v^Hl 



Thus, 



^Xt d(r) 
gJt a(r) 



T a(i) a(r)dt 
(*o) A aW 2 v/a 2 (r) 



(40) 



(41) 



To show that the right side is positive, we use the regularity of a(t), i.e., l/a(t) > 
a(t)/a(t) 2 , from which it follows that, 



1 

aTt) 



a(r) 



dt > 



, m 2 



to "W I y/ a2 ( T ) ~ ° 2 W 
Using Eq . ([29)) . inequality (|42|) becomes, 

rT a(t) a(r)dt 



o(t) 



Va 2 (r)-a2(i) 



/ t0 «(t) " 7*0 Kt) 2 y/a?(T)-a?{t) o(t ) d(r) ' 
Rearranging terms, we have, 



dt. (42) 



(43) 



r a(t) a(r)df 



> 



-dt 



o(*o) A «(0 2 Vo 2 (t)-o 2 W " ->*o «(t) 
By Lemma [2] the right side of Eq. p4|) is positive. Therefore, 



Xt (r). (44) 



d(t ) 



T a(t) a{r)dt 



la 



d(t) 2 y/a 2 (r)-a 2 (t) 



> 0. 



Combining this last inequality with (|4Tj) yields the desired result. 
For the next lemma, we introduce the following notation, 



(45) 
□ 
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U = {(t,ct) : r > Oandcr > 1} (46) 
U = {(t,ct) :t > Oandcr > 1}, (47) 



and 



1/ = {(t, X ) :i>OandO< X <Xhoriz(t)} (48) 
V = {(t,x) :i>OandO< X <Xhoriz(t)}. (49) 

Observe that U and V are open subsets of M 2 . 

Lemma 4. Let a(t) be regular. Then the map F : Uq — > Vq given by, 

F(t, a) = (t(r, a), X (r, a)) = i> T (a), (50) 

is a bisection, and F : U V is a diffeomorphism. Here, the functions t and \ 
are defined by Eqs. §22$ and (|23|) respectively. 



Proof. Let (to,xo) G V be arbitrary but fixed. We first show that F(ro,cro) = 
(tojXo) f° r a uniquely determined pair (to,cto) € Uq. It follows from Eq. (l22l) 
that Co is uniquely determined by To and, 

-o=f^V = .(ro), (51) 



v o(*o) 

where cr(r) is given by Eq. (|27p . It remains to find tq and show that it is unique. 
To that end, from Eq.j28l) (see also Eq.(|23|). 

xM = x(rMr)), (52) 

and by Corollary [2] and Lemma [3j there must exist a unique To > t$ such 
that Xto( T o) = Xo- Thus, F(to,<7o) = (io,Xo) and F is a bijection. Since 
F(t, 1) = (t, 0), it is easily seen that, 

F : U ->■ 7 , (53) 

is also a bijection. The Jacobian determinant J(r, <r) for i* 1 : [/ — > V, computed 
in [T5], is given by, 



2a \ yfd ) \ \/a - 1 2 v / ct ^ ay/a — 1 



2a\/a \ x/a ) \ a{r)\Ja — 1 2 y x aVcr — 1 



<r b 



(54) 
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Therefore, 
J(t,*(t)) 
d(T)a(r)b 



2a(r) v /a(r) 
ct(r)a(r) 



<t(t) 6 



°(t) 



2d(i )CT(r)v / ^ : y \a(t )^a 2 (T)-a 2 {t ) 



1 
2 

1 

" 2 



r(r) & 



<5V a — 1 

KM) 

(7^/(7 — 1 



/ 



(55) 



a(r) 



2a(i )a(r)V^(r) 



where in the last step, we used Eg. (|39|) . Thus, by LemmaEl J(r,a(r)) > for 
all t > to > 0. Now, let r > and a > 1 be given. Since a(t) is regular, there 
is a unique t < t such that <j(t) = (a 2 (r)/a 2 (io)) = c. Therefore, 



Thus, F : C7 
Define, 



J(t,<t) = J(r,a(r)) > 0. 
1/ is a diffcomorphism. 



TT = {(r,p) : t > and < p < am t }, 
VFq = {(r,p) : r > and < p < p.m t }, 



(56) 
□ 



(57) 
(58) 



and let G : U -> by G(r, cr) = (r, p(cr)) (where f/ is given by Eq.©). Then 
G is a diffeomorphism with inverse, G _1 (t, p) = (t, <r(p)). Using the notation 
of Lemma 0] define, 



ff(t,x)-GoF- 1 (t, X ). 



(59) 



Then H : V —> W is a diffeomorphism and may be extended to a bijection 
H : Vq — > Wo in an obvious way. We summarize and extend this result as a 
theorem: 

Theorem 2. Let a(t) be regular. Then the function (r, p) = H(t, \) given by 
Eg. (|59[) is a diffeomorphism from V to W and H may be extended to a bijection 
from Vq to Wq . Define the open set hi C M. by. 



U = {peM: t{p) > and < x(p) < Xhoriz(*(p))} ■ 
Then ({r, p, 9, <p}, U) is a coordinate chart on M and, 

U = {peM: rip) > and0< pip) < p Mr(p) } . 



(60) 
(61) 
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The line element in these coordinates is given by, 

ds 2 = g TT dr 2 + dp 2 + ^jlls 2 (x(r, <r(p)))dn 2 , (62) 

where, 

<■< ^2 (i ( a(r) \ ,vmh r (p) Kjj) A 

9rr = -(a(r)) b — f== + a{T) v n r — = r- / - r^—j da , (63) 

and where <r(p) and x(j~,o~(p)) are given by Eqs. (|25p and (I23[) . 

Referring to the coordinates {t, p,0,tp} of Thm [2] define: x = p sin cos <p, 
y = psm8 sirup, and z — pcos8. Then the coordinate map {r,x,y,z} is defined 
on U and may be extended to the open set Wpcrmi C M. that includes the path 
/8(r) = (r, 0,0,0), given by, 

^Formi = {peA^: r(p) > and < y/x(p) 2 + y(p) 2 + z(p) 2 < p Mr{p) } (64) 

The following theorem establishes that for a comoving observer in a Robertson- 
Walker spacetime with regular scale factor, the maximal Fermi chart consists of 
all spacetime points within the cosmological event horizon of the observer. 



Theorem 3. Let a(t) be regular, and let the coordinate functions {r, x, y, z} 
be defined as above. Then {d/dr, d/dx,d/dy,d/dz} is a parallel tetrad along 
/3(t) = (r, 0,0, 0). With respect to this tetrad, ({r, x, y, z}, U-permi) is a maximal 
Fermi coordinate chart for /3(r), and ^Fcrmi is given by, 

^Fermi = {p e M : t{p) > and < x(p) < Xhoriz 

(t(p))} . (65) 

The line element in Fermi coordinates is, 

ds 2 = g TT dr 2 + dx 2 + dy 2 + dz 2 

+A fc (r, p) [{y 2 + z 2 )dx 2 + (x 2 + z 2 )dy 2 + (x 2 + y 2 )dz 2 (66) 
—xy{dxdy + dydx) — xz(dxdz + dzdx) — yz(dydz + dzdy)] , 

where g TT is given by Eq. (I63[) , p = \J x 2 + y 2 + z 2 , and, 

p 4 A fe (r, p) = ^ls 2 ( X (r, a{p))) - p 2 . (67) 

The smooth function Afe (r, p) is a function of r and p 2 , and the notation in 
i?q. (|67[) is the same as in Theorem^ 
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Proof. The formula for the line element follows from Theorem 3 and Remark 
6 in [15] where it was also shown that {d/dr, d/dx,d/dy,d/dz} is a parallel 
tetrad along (3{t) — (r, 0,0, 0). It follows from Thm. [5] that ^Fcrmi as defined 
in Eq. is given by Eq. (1551) . □ 

Corollary 5. The metric coefficient, g TT (r,p) given by Eq. (|63j) with p > has 
the following alternative forms: 



(a) 



g TT (T,p) = -a(r) 2 [a 2 (t) - a 2 (t Q )] x 

rT o(t) eft 



i(*o)Va2(r)- a 2( io ) 4 a(t) 2 ^(r) - a 2 (t) 



j TT (r,p) = -[a 2 (r)-a 2 (t Q )] (^)" 



4<r 2 a-l ) 2 



where a = o~ T (p) is given by Eq. (|25l) . J(t,o~) is the Jacobian determinant given 
in i?q. (|54[) , and to — ^o( T !P) * s defined implicitly by i?o. (|30p. 

Proof. The assumption that p > forces r > to 7 where to is the cosmological 
time coordinate for the point with Fermi coordinates (r, /?) . Part (c) is estab- 
lished by combining Eqs. (|6"3")l and (|54l) . Part (b) follows by combining Part (c) 
with Eq. (l55|) and Eq. (l2Tj) with t = to. Part (a) now follows from Part (b) and 
Eq.gOl). □ 



Remark 5. It is easily shown that alternative expressions for coefficients in 
Theorems^ and[H are given by, 

^ls 2 ( X (r,a(p))) = a 2 (t )S 2 ( X t (r)) (68) 

and 

P 

where to = to(r, p) is defined implicitly by Eg. (|30p . 
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6 Radial Spacelike Geodesies 



In this section we describe properties of spacelike geodesies orthogonal to the 
worldline f3(t) of a comoving observer. With the notation of Remark [3] and 
Eq. (|55|) , such a spacelike geodesic with initial point (3{r) may be expressed in 
the form, 

* r (p) = ( J ff- 1 (T,p)^ o ,0o), (70) 

for fixed r and < p < pm t ■ The following three corollaries follow from 
Theorem |3] and Remark [2l 

Corollary 6. Let fj(t) be the worldline of a comoving observer in a Robertson- 
Walker spacetime with regular scale factor a(t). Then no two spacelike geodesies 
orthogonal to (3(t) with different initial points on (3(t) ever intersect. 

Corollary 7. Let f3(t) be the worldline of a comoving observer in a Robertson- 
Walker spacetime with regular scale factor a(t). Then no spacelike geodesic 
orthogonal to f3(t) includes any point in the cosmological event horizon of /3(f). 

Corollary 8. Cosmological time t decreases to zero along any spacelike geodesic, 
\1/ T (p), orthogonal to the path of the Fermi observer at fixed proper time r, as the 
proper distance p — » Pm t > an d t * s strictly decreasing as a function of p. Thus, 
for fixed angular coordinates, the Fermi time coordinate t and cosmological time 
coordinate io uniquely determine a spacetime point. 

Part b) and part c) with a < 1 of the following theorem were deduced in [15] . 

Theorem 4. Let f3(t) be path of a comoving observer in a Robertson-Walker 
spacetime with regular scale factor a(t). Then any spacelike geodesic with initial 
point on (3(t) and which is orthogonal to (3(t) has maximum possible proper 
length, pm t < oo. Moreover, 

(a) Ln all cases, 

7T 1 

PM - ~ 2Hi7y 

(b) If a(t) non inflationary (i.e. d <0), then 

(c) If a(t) = t a for some a > 0, then 

PM T - T — j— . 

1 \2a> 
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Proof. From Eq.flHT]) 

f T <t) a{t)dt 

PM ^Jo W) VaHr)-aHty ^ 

For part a), since a(t) is regular, the Hubble parameter H{t) is decreasing, and 
therefore 1/H(t) = a(t)/a(t) is an increasing function. Thus, by Eq. fTTl) . 

1 f a(t) dt _ 7T 1 

For part b), a(i) is a decreasing function, so from Eg. (1711) . 

1 f a(t)a(t)dt 1 
^ " W) Jo V* 2 (r)-am ~ HFY { ] 

Part c) follows from direct calculation. □ 

Remark 6. The upper bounds in Theorem^p.) and b) are sharp. The inequality 
in part b) is equality for the case of the Milne universe (c.f.[15l). Referring to 
part c), 

hm ^imi = 1, 

™ r(£) 2' 

so the upper bound in part a) is reached asymptotically for large a for the scale 
factor a(t) ~ t a . We note that the inquality in part a) is equality for the de 
Sitter universe, but its scale factor, a(t) = exp(iJi), does not satisfy Def[l]p,. 

Theorem 5. Let a(t) be regular, and assume that the angular coordinates 
($0) </>()) ore fixed. Let d = a(t)x be Hubble distance from (t, 0) to {t,x), and 
let (r,p) be Fermi coordinates for (t,x), so that p is the proper distance along 
the unique spacelike geodesic, ^ T (p), containing the point (t,x) °- n & orthogonal 
to f3 at /3(t). Then, 

a (t) , a ( T ) , 

-^-d < p < -Vf d. (74 
Proof. From Eqs.® and O, 

r o(t) 

P= / =dt 

Jto V<z 2 (r)-a 2 (i) 

r ° 2 w 1 °w (75) 

to <r) «(*) v/a 2 (r)- a 2 (t) 

< a(T)xt {T) = ^\a{t )xt„(T). 
a[t ) 
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Recall that Xt ( r ) i s the value of the x-coordinate of the spacetime point with 
i-coordinate to on the spacelike geodesic orthogonal to j3 with initial point (r, 0). 
Then replacing to by t yields p < da(r)/a{t). Similarly, 



r 1 a ( r ) 

Xt {T)= —-—====dt 
J to <*(*) V a ( T ) -a 2 (*) 

ffi ; a(t) dt (76) 

o(r) 



< 



a 2 (*o) 

Replacing to by t and rearranging terms yields the first inequality in (|74|) . □ 
Theorem 6. If ait) is regular, then for all r > 0, 

%k > o. (77) 

(XT 

Proof. Using Eg. pip , the computation of dpM^/dr requires the interchange of 
the integral and a derivative with respect to r. To justify this, observe first 
that since a(t) is regular, then for any a > 1 there exists t < r such that 
a = a 2 (T)/a 2 (t). Therefore, 



a(r) 



a(r)\ a(r) 



1 



V " / V °" 
a(i) ci(r) 



< 



< 



d(i) d(i) 2 a(r) 
J_a_M = q(t) . 
d(i) a(r) a(r) 
1 d(i) 



o(t) 



o(r) 



(78) 



a(t) a(t) 
1 

<0 " " 



a(r) 



where in the second line we used the chain rule, and in the third and fourth 
lines we used Definition [T] including the fact that the Hubble parameter, H(t), 
is a decreasing function of t. 

Now from Eqs. (f3Tj) , (|78|) . and the Lebesgue dominated convergence theorem, 



dfMr = «( T ) 

dr 2 



d(r)a(r) 



da, (79) 
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which Eq. (|78[) shows is nonnegative, or, equivalently, with the change of vari- 
ables, a = a 2 (t) / a 2 (t) , 

dpM T _ a{r) f T f l _ g(t)'d(t) \ a(t) dt > Q ^ 



dr o(t) Jo V a(t) 2 ) ^(t) - a 2 (t) 
by Definition!] □ 
Theorem 7. If a(t) is regular and d(t) < for all t sufficiently large, then, 

lim pm t — oo. (81) 

Proof. Using Definition^ 

PM - = / / 2 A 2^ ^ ^ / a{t)dL (82) 
Jo Va 2 (r) - a 2 (t) a(rj J 

By Theorem [5J is increasing, so taking the limit of both sides of Eq. (|82p 
and using L'Hopital's rule gives, 

lim p MT > lim — = lim = oo, (83) 

t— >oo t^oo _H (T ) r^oo a(T) 

because a(r) increases to infinity, and d(r) must be bounded. □ 

Remark 7. The conclusion of Theorem [?] may or may not hold for the infla- 
tionary case. Ifa(t) — t a , then pm t — > 00 as r — > oo, by Theorem^c), even for 
the inflationary cases, a > 1. By contrast if a(t) — sinhi (an inflationary scale 
factor for an empty universe with positive cosmological constant and negative 
curvature, i.e., k = — 1), then pm t — ► 1 as r — » oo. The scale factor, 



a(t) = A 



/ 3 A 
smh — \ — 7 1 
\ 2 V 3 1 , 



1 2/3 7 



(84) 



is described in Example [7J For small t, d(t) < 0, while d(t) > for all t 
sufficiently large. A calculation shows that, 

a(r) [A ,„„. 
IimT^ = W-, 85 

and ttus &y Theorems^ and® 

it I A 



PM T < 2V 3' 

/or aZZ r. Thus, the proper distance to the big bang from any comoving observer 
in this cosmology is bounded for all proper times of the observer. 
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7 Relative Velocities and Hubble Inequalities 



For fixed angular coordinates 6q,<I>o, let the 4- velocity u' at a point q G AA T of 
a radially moving test particle with worldline /3' be given by, 



. d 



. d 



(86) 



where the overdot indicates differentiation with respect to proper time of j3'. 
The Fermi relative velocity of u' with respect to /3 at proper time r is given by, 



dp d 

^Fcrmi = ~, 7T~ 

ar op 



(87) 



so that i>Fermi is in the tangent space of /3(t). The requirement that g(u',u') = 
— 1 forces H^Fermill < y/ — 9tt{t, p) , which is the non local speed of light in the 
radial direction, relative to the Fermi observer. 

Definition 3 ( 22 ). Let p,q e A4 T and let u, v! be J^-velocities at p and q 
respectively. The kinematic relative velocity of u' with respect to u is the unique 
vector «kin £ u such that, 



iqp 



u' = 7 (u + Ukin) : 



where r qp is the parallel transport operator along the unique geodesic orthogonal 
to u from q to p and 7 is a (uniquely determined) scalar. Equivalently, 



1 

"kin ; 



-g{TqpU',u) 

We consider relative velocities of comoving test particles. It was shown in [TO] 
that for a comoving particle, with x = Xo fixed, 



I'-i-V'-Sw- ,88) 

where t is the cosmological time coordinate of the comoving test particle at 
Fermi time r. The following theorem and corollary were given in |16j . 

Theorem 8 ([16]). For a Roberts on- Walker spacetime with scale factor a(t) 
that is a smooth, increasing, unbounded function of t, the kinematic and Fermi 
speeds of any test particle, in the Fermi coordinate chart, undergoing radial 
motion with respect to a comoving observer, determine the Fermi metric tensor 
element g TT at the spacetime point of the particle, via, 

, , IKcrmiH 2 
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Corollary 9. With the same assumptions as above, the Fermi relative velocity 
of a radially moving test particle at position (r, p) within a Fermi coordinate 
chart satisfies 

||«Fermi|| < V ' -9tt{t, p), 

and it is possible for the Fermi speed of a test particle to exceed the central 
observer's local speed of light (c = 1 ) if and only if —g T r(T, p) > 1. 

Using the preceding theorem, we find: 

Theorem 9. With the same assumptions as in Theorem^ the Fermi velocity of 
a comoving test particle with fixed coordinate xo relative to the central observer, 
j3, at proper time r is given by, 



\\vFe 



a(r) 



Va 2 (r)-q2(t ) f a(t) a 2 (r) - a 2 (t ) 



a(t ) 



to a(t) 2 y/a?(T)-a*{t) 



dt 



(89) 



where to is the cosmological time coordinate of the comoving test particle at 
Fermi time r. 

Proof. The proof follows directly from Theorem Corollary [5j a), and Eq. 



□ 

The following theorem establishes inequalities for the Fermi relative velocity of 
comoving test particles analogous to Hubble's law. 

Theorem 10. With the same assumptions as in Theorem^ the Fermi veloc- 
ity of a comoving test particle with fixed coordinate xo relative to the central 
observer at proper time r is given by, 



, f T ait) a 2 (t)~a 2 (t ) 
v Fermi =H(r)p-H(r) J> \ y ff =dt, (90) 

where to is the cosmological time coordinate of the comoving test particle at 
Fermi time t, and p is the proper distance from the Fermi observer to the 
comoving test particle. Thus, if 2(t) < for to < t < t, then 

IKermiH = P > H{r)p. (91) 

If &(t) > for t <t <t, then, 

HVFtaroill = P < H {r)p. (92) 
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Proof. Using integration by parts, Eq. pO[) may be rewritten as, 



a(t) , 1 

P = I dt= - 

'to y/a?(T) - a*(t) 2 

y/a?(T)-a*(t ) rr d{t) 

a(to) L a(t) 2 



2a{t)a{t) 



*„ a(t) ^a 2 (r)-a 2 (t) 
v/a 2 (r) -a?{t)dt. 



dt 



Combining Eq.flM]) with Eq.® establishes Eq. ([9!I|) . 



(93) 



□ 



Remark 8. Equality holds in each of Eqs. ()91[) and (|92p /or £/ie Milne universe, 
for which a(t) — t, so that ||«Fermi|| — H{r)p = pjr. 

Corollary 10. Suppose that a(t) is a smooth, increasing, unbounded function 
oft, and d(t) < for < t < t. Then the Fermi speed, ||VF e rmi||; an d kinematic 
speed } ||wicin||) of comoving test particles each increase with proper distance from 
the central observer, and, 



II^Fermill > ||«km|| 
lim ||wkin|| = 



and 



/or < p< p Mr 



lim ||wFermi|| = hm y/-g TT ( T , p) > 1, 



9tt(t,p) > 1, 



(94) 
(95) 

(96) 
(97) 



Proof. With d(t) < 0, Theorem [3] shows that the Fermi speed ||t>Fermi|| of co- 
moving test particles increases as to decreases to zero. It then follows from 
Corollary [5] that ||t>Fermi|| is an increasing function of p, so the limit in Eg. (1961) 
exists. Assuming d(t) < 0, it follows from Eq. ([89|) that, 



«Fc 



> 



a(r 



cl(t 



d(r 



Va 2 (T)~a 2 fa ) f r d(t) a 2 {T)-a 2 {to) 
a(t ) 

Va 2 (r)-a 2 (i ) 
Va 2 (r)-a 2 (i ) 



1 



t0 a{tf ^(T)-a^to) 
T S(t) 



dt 



a(r 

Va 2 (r)-a 2 fa) 
o(r) 



d(t ) 
1 



1 1 



a(t ) d(t ) a(r) 



(98) 



= \\VhiT, 
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Thus, 

lim ||wFermi|| = Hm H^Fermill > Km ||«km|| = 1- (99) 

Eq.f97]) now follows from Theorem |U □ 

Remark 9. The inequality in Eq. t\96]i can be strict. It was shown in 175] / (see 
also \lb\ \T7j) for power law scale factors, a{t) = t a with < a < 1, that for 
comoving test particles, ||wFermi|| is an increasing function of p, and, 

lim \\v Fmni \\ = ^ = > 1. (100) 

p^ PMt t r(^) 

It follows from Corollaries [91 and [TOl that superluminal relative Fermi velocities 
of test particles (not necessarily comoving) necessarily exist in strictly non in- 
flationary cosmologies, but not in the presence of inflation, as the next corollary 
shows. 

Corollary 11. Suppose that a(t) is a smooth, increasing, unbounded function 
of t, and ii(t) > for to < t < r. Then relative to the central observer, f3, at 
proper time r, the Fermi speed, H^Fermil , of a comoving test particle with Fermi 
time coordinate t and curvature coordinates xo and to satisfies, 



||«Fe: 



< IKinll < 1 



(101) 



9tt(t,p) < 1, 



(102) 



for < p < pt , where (t, p ta ,9o, <fio) are the Fermi polar coordinates for the 
spacetime point with curvature normal coordinates (to, xo, $0, 4>o)- Within this 
range of coordinates ||tFermi|| < 1 for any radially moving test particle. 

Proof. From Theorem [§1 
d(r) 



||«Fe 



< 



a(r) 
d(r) 



y/a?(T)-a?(t o) f T S(t) 
a(t ) 

v/a 2 (r)-a 2 (i ) 



a(ty 



Va 2 (r)-a 2 (t )^ 



y/ a 2 (r)- a 2 fa) 
a(r) 



1 



a(t ) 

= ||t'kin|| < 1. 



o(t) 

a (ty 



dt 



(103) 



Eq.dini) follows from Theorem M 



□ 



Corollary 12. Let a(t) — t a with a > 1. Then relative to the central observer, 
the Fermi relative speed of any comoving test particle is less than 1. 
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Proof. a(t) = a{a ~ l)t a - 2 > for all t > 0. □ 

Remark 10. Corollary was observed in f_?7| / where it was also shown for 
inflationary power law scale factors, a(t) = t a with a > 1, that for comoving 
test particles, 

iim ii WFermi ii = ^ = < i. (104) 

r+PMr t r(^) 

Power law cosmologies with a > 1 /la-ue &een Msec? to model dark energy, and 
astronomical measurements have been made to support their consideration 




Figure 1: The diameter 2pM T of M T versus r for a(t) = t a when: i) a = 1/2 
(non inflationary universe); ii) a = 1 (Milne universe); iii) a — 2 (inflation- 
ary universe). Superluminal relative Fermi velocities of comoving test particles 
occur only in the noninflationary case in the region of spacetime where pm t > T - 

Figure [1] shows the diameter 2p^ x of M. T versus r for the Milne universe with 
scale factor a(t) = t; the (non inflationary) radiation dominated universe with 
scale factor a(t) — y/t; and an inflationary universe with scale factor a(t) = t 2 . 
By Theorem 21 pm t is a linear function of r in each of these cases. For the 
Milne universe, pm t = T, and the Fermi coordinate chart, depicted in Figured] 
is just the interior of the forward lightcone of Minkowski space; the metric in 
Fermi coordinates is the Minkowski metric |15j . For any given proper time r of 
the comoving observer (3, the proper distance pm t to the big bang is greatest in 
the non inflationary case, a = 1/2, and least for the inflationary universe with 
a = 2. In each of the three cases, the set of points (r, Pm t ) IS the image of t = 0, 
i.e., the big bang, under the Fermi coordinate transformation. By Remarks [5] 
and [mi and Corollary [Til superluminal relative Fermi velocities of comoving test 
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particles occur only for the non inflationary case, < a < 1, and only in the 
region of spacetime with pm t > T , that is, "outside" the Milne universe, in the 
figure. 

8 Conclusions 

This paper describes geometric properties of a class of cosmological models that 
includes models consistent with current astronomical measurements (see Section 
[J) . We have shown that a maximal Fermi chart for a comoving observer extends 
to the cosmological event horizon, if there is one, or is otherwise global. Key to 
the proofs is Definition [He). 

Theorem [TO] gives a version of Hubble's law for Fermi relative velocities that is 
qualitatively different for inflationary and non inflationary periods of a model 
universe. Such periods are also distinguished by the possibility, or lack thereof, 
of superluminal Fermi relative velocities of radially receding test particles, as 
described in Corollaries [TO] and [TT] 

There are also qualitative differences between non inflationary and inflationary 
universes in the time evolution of the radius, pm t , of the spaceslice M. T of all 
T-simultaneous events, depending on the asymptotic behavior of the Hubble pa- 
rameter, as shown in Theorem [7] and Remark [7] In the former case, pm t ~* °o 
as r — > oo, while pm t remains bounded in some inflationary models. In all cases, 
any spacelike geodesic orthogonal to, and with initial point on, the worldline of 
a comoving observer terminates within the cosmological event horizon (if there 
is one) at the big bang. In this sense, all spacetime events are simultaneous 
with the big bang. Since pm t increases with proper time t, by Theorem[B] this 
may be taken as a rigorous definition of the notion of "expansion of space." 

Cosmological time to decreases monotonically along the spacelike geodesies or- 
thogonal to the observer's worldline as p increases, by Corollary [5] It follows 
that, together with the angular coordinates 6 and 0, Fermi time r and the cos- 
mological time to uniquely specify a spacetime point. Formulas for the metric 
coefficients and relative velocities may be understood in this context. Eqs. [29l 
and 1301 give the radial coordinates x an d p associated with r and to. 

In the case of a universe with an event horizon (and therefore with periods of 
inflation by Corollary [T]) , is it meaningful to ask for the proper distance from 
the worldline of a comoving observer to its cosmological event horizon, along a 
spacelike geodesic orthogonal to the worldline, i.e., in Fermi coorindates? For- 
mally, no. No such geodesic reaches the event horizon because the ^-coordinate, 
Xt (r), of a point with Fermi time coordinate r at cosmological time to is less 
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than Xhoriz(io) for all r, by Corollary[31 with equality only in the limit as t — > oo, 
by Corollary |4j However, informally, we may identify the event horizon with 
t = oo. For a universe for which sup r>0 pm t < 00 (see Remark[7]), the proper 
distance from the worldline of the comoving observer to the event horizon at 
cosmological time to may informally be understood as, 

p= Km / - ^ =dt< 00. (105) 
r^°°J to y/a?(T)-a?(t) 
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